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SUMMARY

In the classical Secretary Problem , the player tries to

choose the best object of a sequentially ordered set of size N

The value of each obiect is given by its rank only. At any stage,

the player knows the rank of the current object relative to those

already seen~ Once re iected , an object cannot be chosen later.

In this paper , a qeneralized Secretary Problem is discussed .

The player is ~iven d choices to choose all of the d best

objects. The optima l procedure is found by converting the d

choice Secretary Problem into a walk~ in a two-dimensional grid .

A simple approximation to the optima l strategy rule is also

prest’nted .

AMS l ’Y7 0 subj e c t  c l a s s if i ca t i o n s .  60G40

Key words and phrases. Secretary Problem , Optimal stopping rules,

relative ranks. -~ IC,’.
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1. INTRODUCTION

The classical Secretary Problem begins with the premise

that N objects or individuals can be ranked from best (rank 1)

to worst (rank = N). As each object is shown to the experimentor

(or player), he is able to rank it only in relation to those

objects tha t he has already seen. The player may select the current

object , at which point the r~ ct~dur t ’ emls , or he may elect to reject

the current object and sample the next. The player also operates

under the restriction tha t once an object has been rejected , it may

not be chosen later. If no choice has been made , he is required to

thchoose the N object.

The optima l procedure for the player to follow depend s upon

the type of reward he receives. Oftentime s, the player tries to

pick the best object. In this case , the optima l procedure maximizes

the probability of success. This problem has been solved in a

vat iety of ways , by Lindley (1961), Dynkin (1963), Gilbert and

Mosteller (l~ 6 6 ) , Dynkin and Yushkevich (1969), DeGroot (1970),

Chow , Robbins , and Siegmund (1971), and Sirjaev (1973) . The problem

also appeared in Marvin Gardeners ’ Scientific American column (Fox

and Marr.ie (1960), Moser and Pounder (1960)),and in the American

Mathematica l Monthl y “Problems and Solutions ” (Bissinqer and Siegel

(1963), Bosch (1964)).

Several authors have discussed the Secretary Problem when

the player is given one choice to choose any of the d best object..

-~~~~~ - ~~~~~~~~~~~~ —-~~~~~
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Gilbert and Mosteller (1966) discussed the case d 2. Gusein-

Zade (1966), Dynkin and Yushkevich (1969) and Rasmussen (1974 and

1975) have generalized the problem further.

Another related problem that is of interest is to allow

the player more than one choice to select the best object. This

case has been discussed by Gilbert and Mosteller (1966).

The problem that will be discussed in this paper is a

combination of the two generalizations given above. The p layer is

given d choices to select all of the d best objects. We will

derive the optimal procedure , which in this case maximizes the

probability of selecting the d best. The form of this optimal

procedure is:

Procedure A: Choose d starting times t1, ..., td . L
Do not select any of the first t1-1 objects. The d choices are

then made in one of three ways:

(1) At any time , selec t an object that is better than at

least one of the objects already chosen.

(2) Make the ,th choice of the kth object if k � t ,,
)

and the kth object has rank j or better , where 1 
~ 

j ~ d.

(3) If Ti choices have been made , 0 ~ iii < d , and d-m

objects are left , all of the remaining objects must be chosen.

The procedure ends when the dt
~ choice is made.

The probability of success using Procedure A will be denoted

by PA (CS; d ,t1,.. . ~~~~~ , where CS means correct selection. This

will be abbreviated by PA (CS) when there is no ambiguity . The

2
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F
optimal starting times t~ , ... , t~ , are chosen to maximize PA (CS)

for a given N . As in Gilbert and Mosteller (1966), an object

that is better than all others seen so far will be called a candidate.

In addition , we will consider an approximation to the optimal

rule , based on the optimal startin , time for the last choice, t~

The approximately optima l rule has the same form as Procedure A ,

but the starting times are easier to compute. These approximately

optimal startinq times do not necessarily maximize PA (CS).

3
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2. THE d CHOICE PROBLEM - OPTIMAL PROCEDURE

In this section , we will show that the optima l procedure

for the d choice Secretary Problem has the form of Procedure A ,

with starting times t~~, ..., t~ . If the player is forced to

choose the last d-m objects , as in (3) of Procedure A , he may

choose an object that is worse than one alread y rejected . If such

an object is chosen , he cannot succeed in choosinq the d best.

Unless the player makes choices using () or ( 2 ) ,  he will not

succeed . Thus , without affectinq PA (CS), the type (3) choices

can be ignored , since they are included only to insure that d

choices are made . When computinq PA (CS), it will be assumed that

this has been done , and that choices are made using only (1) and

(2) Eliminatin g tvne (3) choices will make certain aspects f the

construction of the optima l procedure clearer.

Nikolaev (1977) has shown that Procedure A is optima l for

the case d=2. In addition , both he and Glasser (1978) have derived

exact expressions for PA (CS ; 2,t 1, t2,N). An exact expression for

PA (CS; 3,t 1, t2,t3,N) has a]so been derived by Glasser. The task

—~f deriving an exact expression for PA (CS) , however , is quite

tedious even for d=3.

Theorem 2.1 will show that Procedure A is optima l , and give

a method to compute the optimal startina times ti,.. . ,t~ . In the

next section , we will give a specific formulation for t~ , and

use it to construct an aporoximation to the optimal rule.

4
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• To begin with , define f N-d , and consider the two-

dimensional grid of points (i,j), where i 0,l ,...,d , and

~ 0,1,...,f. When the player is at the point (i, j) ,  it means

that of (i+j) items sampled so far , he has accepted i and rejected

j of them . From the point (i ,j), he will move to the point (i+l,j)

if he accepts the next object, and (i,i+l) if he rejects it.

Any rule for selecting the d best objects can be put

into a 1-1 correspondence with a specific ”walk” on the grid. As

an example , consider Procedure A. If the player is at the point

( i , j ) ,  and the (i+l+l) 5t object is ranked i or better, he will

accept it and move to (i+l , i ) . If the (i+j+l) St object has

rank i#l , and i~~i+l � t~~~1 , then the player also accepts the

object and moves to (i+1 ,j). Otherwise , the object is rejected

and the player moves to (i ,j+ l).

Any time the player “walks ” off the grid , he loses the

aame . For instance , at the point (d+l ,3) , he has chosen too

many objects. At the point (3,f+l), there are not enough objects

left to make d choices.

it will be seen in Theorem 2.1 that the optima l procedure

requires the player to choose an object better than any object

alread y selected , and re~ect an objec t worse than any object

already selected . Thus , starting from the point (0,0), the player

st~cceeds if and only if he reaches the point (d .,f). If at any time

the player chooses an object that is not among the d best, the

optimal procedure will force him to choose too many objects. If

5
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the player rejects an object that is one of the d best, the

optima l procedure will not allow him to make d selections.

A utility function can be defined that reflects the player ’s

desire to choose the d best object. This utility is a function

of the ranks of the objects chosen , and is given by:

1 (i1, i 2,.. .~~
id) = (l,2,...,d)

U(i l, i2P ... ,ld ) = (2.1)

0 otherwise.

The player is interested in choosing the d best , and is not

concerned with the order of their arrival. Therefore , the ranks of

the objects chosen can he permuted in any order without affecting

the value of the u tilit y function.

Since the p l ayer succeeds in choosinci the d best if and

only i f  he reaches the point (d,f) , the utility func tion in (2.1)

can be related to the ~:rid descrihed earlier. Assiqn each point

on the grid a conditional expected utilit y u(i ,j). The values

u (i,j) are conditioned hv the player havina accepted i out of

‘~
4 1  oh jects seen so far. It is also assumed that at each step,

the player will elec t ’~ continue in an optima l manner. The

• computation of these -i ( i , j ) ’ s is the subject of the next theorem .

Corollary 2.1 ~hows that ocedur~ A is the ontima l procedure for

the d chc’ice Secretary Problem .

6
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Theorem 2.1:

u(i ,j) = 
i u(i+l ,j) +_j u (i ,j_+1 )+max[ u (i ,j+l ),u (i+l ,j)] (2.2)

where i — 0,1,. ..,d and j = 0,1 ,.. ., f . Initial conditions

are given by:

u(d ,’) 1 ,
(2.3)

u (d+l ,i ) = u (i ,f+1) 0

for 1 = 0, 1 , . . . , 1—1 , and 1 = 0, 1 , . . . , f—i .

Proo f : The rank of the (1~~141 )st ehject can be any of

1 ,2,... ,i+j#1 , with e~pia1 probabilit y . This object will be better

than at leas t one o~ the oh J e c ! ~~ -t lreadv selected if it has

rela tive rank i o r  he ’ t e r , w i t h  probabi 1 ity i (i+i+1 ) . When the

obiect is better than in oh iect already sel ected , it must be

selec ted if the plave : wishes to contintie t he  possibility of

selec ’ i na he d He;t

I~therwise , 1 ~he i l i v e r  re jec’ an ohiect ranked i or

he ’ ter , one of we yossib : 1 i~ ie~; can occur. If the (i~~ j+l) 
St

nh~~ect is not one of the d host , he has already chosen an object

that cannot be one of the d best. If the (i+i+l ) 5t objec t is

one of the d bes t , the player wi ll have rejected an object that

one of the d best. In either case , the player cannot choose

all of the d best.

7

__________  .5 .  ~~~~~~~-— 5 —.—- - ,  - •~~ - -—-- - -5—— 



-5 5-

Thus , an ohiect ranked between 1 and i must be accepted .

In  this case, the p1 a’~er moves f ron ( i , j ) to ( i , j + 1

When the (i+j+l)~~
t object is worse than at least one of

the objects already s e l e c t e d , with relative rank between i+2 and

1+ 3+1 , it is better to reiect it. The reasons are similar to

those given above . The probabilit y that the rank is i+2 or

grea ter is i ’(i+j + l ). The player in this case moves from ( i ,j)

to C i , i~~l)

• • stA q u e s t io n  .irlses then , only in the case t h a t  the ( 1+3+ 1)

obj e c t  is neith er hott er th an any ob~ ect s  a l r e a d y  selected , nor

worse than a n y  al :e .t . t : i - e i i c t ’ • l . This means that the rank of the

new oblec t  i s  i~~l , a n t  t h i s  occurs w i t h  p r o b a b i l i t y  1/ ( i + j + l ) .

For this l ist case , the h~ s’ course of action depends on

the expected u t i l i v t t h e  oh~ ec is  re~ ected , u ( i , j + l ) ,  and

the expected ‘~ t i i i ’y i ’ the o b j e c t  is selected u ( i + 1 ,j )  . Clearl y,

i f  u (.i+ 1 , 1) u (i 1) i t  is bet ter to accept the  new object.

When u ( i ~~1 , 1)  < u (i , ‘~~1) it is bett or to reject the new object.

When the Ut i i i  i~’s are •‘Irna l , the choices are equivalent.

So th ,• cond i ’ iunal ,‘xt~ect et u t i l i t y  at (i ,j) is given

by ( 2 . 2 ) .  ysin~i (2.2), with i n i t i a l  conditions ( 2 . 3 ) ,  the values

of u ( i , 1) can h~ c m ~~u t e d  b a c k war d s  b e o i n n i n q  w i t h  u ( d , f )  = 1.

The o p t i m a l :r000hirr , following the reasoning of the

above p ar a q r a eh s , is : iv en b y :

Procedure  A ’: Accept the (j~~~1 41)St object if it is better

than at least one of the objects already selected . Reject 
the8



T W
(i+J+l)

St object if it is worse than at least one objec~ a l ready

re~~ected . ~~t ht ’ r w i se  , a c c e~ t or r e j e c t  t h e  ( I  + j + l ) 5t ob ject if

u ( i + 1 , i )  is g r e a t e r  t h a t .  or  less t h a n  u(i ,j+ 1 ) respectively.

As an example , assume t h a t  the p la’er is to pick the best

two out  of seven e hj e c t s .  The ~irid for the op t ima l procedure is

qiven below , w i t h  = “
, d = • ,  1. = 5:

1
±1 1

1 1  9 I
21 7

4 7 I 10

2 3 4 3  ‘ Fl 30
~ 2h~ ‘ 4 2 )

1 74~ 402 60

~ ~~2O ~ I:~~

73 5 4~ 2 600 .~~ 2 0 ~~~~ • 
1 217)

0 1 2

ir r o w s  o nneot th e i~~i ’ h w~~~h he n i a x i r ~a 1 i xpocted  u t il i t i e s .

I~ w i l l  he shown  in ho i x  corel l~~rv  t h a t  Procedure A

• P s art in : 1r~es ~ , . . . , t~ is t h. oir’~. as Procedure A’ . The

f o l  i w i  . ~e f i n  i i °n w:  11 e hel p ful . Consider the  d i a g o n a l  set of

r o l nt s  ( 0 , m )  , ( l , m — 1 )  , (2 , r~— 2 ) , .. . , (r~— l ,1) , (m,0) . Call the

-;e ’ O~ :~c 1 n t s  ‘~n •his h a l e n i l  that are a l s o  on the q r i d  an ax is

of constant sample s ir e  v~ • When no ambi guit y exists , the term

9
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w i l l  be a b b r e v i a t e d  as an axis of size m , or simply called an

axis. In the above examole , the points (0,5), (1 ,4), and (2 ,3)

ar e an axis of si~te 5.

Note that in the above example , there is one maxima l utility

on each ax is , and th e utilities decrease for points further away

from the optina l pa t h.  This is the subject of the following

corollary.

Co r o l l a ry  2 .1 :  On each a x i s  of s i z e  m , m = 0 ,1 ,...,N— 1 ,

u(i ,~~) is a unimodal functi on of i , and is mono to n i c a l l y

J~’crea sing on each s ~de of t h e  mode

Proof: By backwa r~ in.hact ion. Assume that d < f . By

(2.2) , u (d— 1 ,f) — d ’N • .. f N = u (d,f-1 ) . Thus , the co ro l l a ry  is

t r u e  fo r  t~ = N — i  . Assume t h a t  ‘h e  c o r o l l a r y  is  t r u e  for  m+l ,

and le t i+ = in . Consider the oints (i— l , j+2) , (i , 3+1) , and

(i+l ,j), and assume th a t t h e  li e above the optima l path. Then

• the conditional expected ut i litie s for those points satisfy

(i—i , 1 ~ 2 )  a < u (i , 1) l < u (:~~1 , 1) = c

Frnr~ ( 2 . 2 ) ,  ‘he ol i ’w:n: r~ iv he’ computed :

ii ~-

u (i—l , ~~~~ 
=

( i + l ) c  ~ ii )
u(i , 1) = ‘ j+’

~~4i 
— .

Since a < b < c , u(i ,j) — u ( i — l , 1+ 1)  > 0

In a siriiiar manner , it can be shown that for points below

the optimal path, as the first argument increases the expected utility

decreases . Th is . -erip ].”es the proof.

10

~~



V
Corollary 2.1 shows that above the optima l path , the player

w ill select an object when given a choice. Below the optimal path ,

he will reject an object when given a choice. Using the optima l

strategy A’ , the player will attempt to stay as close as possible

to the optima l path.

In other words , if the 1
th choice has not been made , and

the kth ob~ ect is ranked jth , where k � t~ , the optima l

strate iv A ’ says  to ~~~~~~~ t h e  oh • c ’  . Otherwise select objects

better than a t  l e a s t  one ob~ ect alread y selec ted , and reject any

ob~ oct that is worse than any object already rejected . This is the

same as Procedure A with start in~i time s t~~ , . . . , t~

In the exaniple computed before , the optima l starting times

are q~~ven by t~ = 2 , t~~ — 5. Th e examp le is also an application

of CDrollarv 2 . 1.

~sino t h e  it i 1 i t - ~ function (2.1), it can be seen tha t  the

probabi ii tv  of  s .~cc~’ ss o iven t hat the player is at the point (d , f )

is the s,-i r’ t ’ as ‘h e ’  u t i l l t \  u(d ,f ) = 1 . Working backwards, the

con it iona I expec’ e l  i t  i l i t  y U (i—i , f ) is the same as the

condit t onal 1 oha~ ii it v t h i t the p lay er wins , oiven tha t he is at

the  on i n t  i- 1 ,f) and th .tt he w i l l  continue to the last step in

in optima l manner. coot-m um : to work backwards , the  expected

utility u(0,0) is the same as the probability that the player

w i n s  u s i ng  t h e  o p t i m a l s t a r t i ng  t ime s ~~~~~~~~~~ and making the

ontima l choice at  each s tep :

u(0 ,0) PA (CS; d ,tt,. . . , tj , N )

11
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In the above example , this probabilit y is given by u(0,0) ~

745 , ‘2 520 — .295635.

Tables 1 and 2 contain the optima l starting times and the

probability of success for the ci choice Secretary Problem for

d 2 .5 and N — d(1) 50(10) 100, 1000. All of these calculations

were done using Theorem 2.1. As expected , when d — 2, the results

are  the same as those de r ived  using the exact expression of

Nik~~1~tev (1977) or ~ l a s s er ( l 9 7 8) .

In  Tables I and 2 , it appears that the optima l probability

of success is a non-increasing func t ion of N . This is the

subject of the next theorem and corollary .

Theorem 2.2: If ci .~ N

PA (C S ;  d , t 1, . . .  ~
t d ,~~

) 
~ 

P~~(CS ;  ~~~~~~~ ,.. .,t~~~ ,N— l)

( i )where t . = t i t i
3 1 1

t — l if : ~~. t
1 3

Proo f: Among N appli cants , the p r o b a b i l i t y  t ha t  the

wors t is in position : is I ‘N , so that P~~(CS: d , t 1, .  . . , t~~,N j

(CS; d , t . . . , t , . 1  1 ) , where P.~ (CS: ci , ~ F • • . td , N l i ) i-s

t he conditiona l probabi ltiy of success for procedure A given that

the worst (rank — N) object is sampled ~th

12



-~~~~~~ 
5- —==~~~~~~~~~~~~~~~ -5- _ _ _ _ _

5,

Consider two cases:

Case (a) : t1 > 1 (so the first object is not chosen).

For any va lue  of i , the worst object will not be chosen , since

it is worse than an object alread y rejected (the first). Thus ,

in this case , the ~
th object could be ignored without affecting

the p r o b a b i l i t y  of success , provided we renumber properly,  i . e . ,

PA (CS ;  d , t l , . . ., td , N I i )  P A (CS; ~~~~~~~~~~~~~~~~~~~ N- l)

Case ( b ) :  t 1 = l ( s o  the  f i r s t  objec t  is chosen) .  The same

argument shows t h a t  PA (CS ;  d ,t 1, .  . . ,td,N !i ) =PA (CS; ~~~~~~~~~~~~~~~~~~~~~~
provided i is not too small , namel y if i>d or t1>i • Otherwise ,

i ~ ci and t~ ‘ for all j ~~ i , in which case all of the first

i objects are chosen , includin g the worst , so

P
A
(CS; d ,t 11 . .., tci ,N )  = 0 P

A
(CS ;  d ,t~~

1)
,...,t~~~

)
,N_ 1 )

Coroll ary 2.2: P
A
(CS; d ,ti ...•,t

~~
,N )  

~ 
P
A
(CS; d ,tt,...,t

~~
,N—l ).

Proof: The corollary follows directly from Theorem 2.2.

We have seen t h a t  P A (C
~~

; d , t~~, .  . . , t~~, d+ l )  � PA (CS;ti,...,ta,d+2) ~
PJ~~

CS t~~,•. . ,t~~,N) .• . .. We s h a l l  now compute a lower bound for

the probability of success. Consider the strategy which rejects the

first r and picks when possible anything after that. One reaches

(0,r) with probability 1 and beyond that the probabilities at (i ,j )

are (i+l )/(i+1+1) to (i+1 ,1) and j/ (i+j+l) to (i ,j+l). Any path

13
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F
f rom (0 , r )  to (d , N-d )  w i l l  have the  combined p robabi l i ty

1 2  d -r (r+1 ) (N—d— 1)/( (r+l) (r+2) N) and there are

such paths , so the total probability of success by this

strategy is

(N—r) (N—r— d+l) d!r 
— 

r / r\ r
dl N • •

~~~ 
(N -d) - N-d ~ N-d+1

If we choose t = [
N_ci / d+n] where [x] is the qreatest

integer less than X , then the product converges to:

I I 1

~~T ~‘~~~T )  > e (d+1)

There is an obvious symmetry between the optima l strategies

for choosing the best d out of N and the best N-d out of N

rn particular , for N=2d , we have u (i ,j) u(j, i ) and the

maximum on each diagonal u i - i = r occurs at Cr12 , r/2) for even

r and ((ri- i.) ‘2 , (r— ].) 2) and ((r—l ) ‘2 , (r4l)/2) for odd r

In other word s, choose, if possible, when i ‘~ , reject if possible,

when i > . When i = 1 , e i ther decis ion will do.

Knowing the optima l strategy for the case N=2d , the

• proba bility of success can be calculated by star ting at (0,0).

Let p(i ,~~) be the probabilit y of gett ing from (0,0) to (i,j).

Since one can only get to (i , ii from either (i— l ,i) or (i,j—l ),

we have :

p (i, j )  = p (i—l , ~) p(i’— l , 1) + p C i , j—l ) p (i ,j—1 ) , (2.4)

14
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where P
~~’’~ 

i ) is the probability of choosing an object when at

(i ,j) and p r
( i s i )  is t h e  probabi lity of reiecting an object

when at (i ,j).

= (i+l)/ (i+j+1) if i < 
~

= i (i+3+l ) i > 1

2

= J (i+j~~l ) if ~ <

= ( j + l) / ( i +j + 1)  i > j

5

Then , by inducti on beginning at (0,0), it can be shown that:

p (i ,j) = 

~H+~
-i-

~ 
for i > j

i — i — I
= 1 < 1

1 . -
= 

1 4 1  = 1.

(Do the cases 1=), i = ’ e l , ~~~~~ separately; the rest follow by

symmetry.) In p a r t  i c u l a r , p (d ,d) — l/ (d+l) P
A WS; d ,tt,. .. ,t~ ,2d)

The case N — 2di- I can he’ hand led  s i m i l a r l y once the

strategy is determined . U s i n i  an induc t ~ve proo f similar to that

of corollary 2.1 , it can be shown that the maximum occurs at

15
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(r/2,r /2) or ((r-1)/2 ,(r+1)/2) dependinq on whether r is even

or o !  i . (More specifically, it can be shown that for eveh r ,

:(r/ 2 ,r/2) u((r-2)/2,(r+2)/2) > u ((r+2)/2, (r—2)/2) > ... >
u( (r-2i)/2 ,(r+2t)/2) > u((r+2i)/2, (r—2i)/2) and for odd r

‘.i ((r—i) /2 , (r+1)/2) ~ u((r+l)/2, (r—1)/2) > ... > u((r—2i—1)/2 ,

(r-2i#1)/2) u ((r—2i+1 )/2, (r—2i—1 ) /2) > . . .
The strateqy, therefore , is to choose, if possible when

i < 
~~~, 

and reject i f  possible when i . j .  Knowing this , we may

proceed as in  the case  N = 2d .  For t h i s  case , the values  of

and 
~ r~~~’~~

1 a re  g iven  by :

( i - 4 - l ) / ( i + j + l )  i f  i < j

= i .’ (i+j~~l) i � j.

~r~~~’ 
j )  -1/ (i* u i - i )  if i ~

( 3 + 1 ) / ( i +1 -
~
- 1 )  i �

Starting with (0,0) and using (2.4), we can show by induction

hat

p (i , j )  = l/~ if i ~— i

-j /i (j+I) i � j .

(Do the cases i < j-1 , i j—1 , i = 1 and i > j separately.)

Thus , PA (CS :  d , t i . . . . , t~~
, 2 d + l )  l / ( d + l ) .  Note the

coincidence that PA (CS; d ,ti,...,t~
,2d) = PA (CS; ti,...,t~

,2d+1).

5— 5-~~~~~~~~~~~~~~~~~~~~~~~~ 5-~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • .-5” —. - -... --
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3~ RESULTS FOR THE LAST CHOICE

When the formula tion of the previous section is used , it is

possible to determine a general formula for the dth starting time.

It is easier to do this if some new notation is introduced . Let:

(N
• . u(i ,j) \d

1 1iT3~ ‘ ( 3 . 1 )
\ 3 )

(N
• - u(i ,j) ~.cic(i ,j) = j (T T

‘.

By the d e f i n i t i o n s  of b ( i , j )  and c ( i ,j ) ,

c (i ,1) — .
~~

- b(i ,i)

The following resul t shows wh y this new notation is useful .

Lemma 3 . 1:  (1) If b ( i + l ,j) < c (i ,j-i-1 ), then

b(i , i ) = b ( i + l , 1) + b( i ,~~ + l)  . (3.2)

(2) If b(i i-l, i) > c ( i , u i - i. ) , then ,

c(i ,j) = c(i+l ,j) +c(i ,i+l) • 
(3.3)

17

— -
•- —~ — —5—- . .  —-5 — -  .-— 5-- - — -.5-- — -  -— ---- 5-  - —,—-~~~- - -_ ~.4



Proof : Firs t , to show both (I) and ( 2 ) ,  i t  is necessary to

show tha t b(i+l ,j) < or > c (i ,j+ l) if and only if u(i+l ,3) <

or > u ( i , j + l ) .  By ( 3 . 1 ) ,  t he se asser t ion s must  be true , since:

b ( i + l , j )  - c ( i , j +l )  = [u ( i+ l ~~~) - u(i ,~ +l)]

To show ( 1 ) ,  i f  b ( i - s - l , j )  ‘.. c ( i , j + l )  , then u(i+l ,j) c

u ( i , i + l ) .  From ( 1 . 2 ) ,  t h i s  means t h a t :

u ( i , j )  
~~~~~~~~~~~~~ 

u(i +1 , u ) + j
~~~~1 

u (i,j+l) . (3.4)

M u l t i p l y i ng  both s ides of ( 3 . 2 )  by (~~)/~~
( 1 + 1)  gives the resu l t .

( 2 )  is proved in a s i m i l a r  m a n n e r .

Lemma 3. 1 says t h a t  hi -low the  op t ima l pa th , the b ( i , j ) ’ s

can be f o u n d  u s i n~; ( 3 . 2 ) , w h i l e  on or above the optima l path the

c (1 ,j)’ s can he f oun d  using (3.3). Using Lemma 3.1, an expression

for ~he last sta r t ing ire is derived in the next theorem .

Theorem Li: The’ last. optima l startinq time is given by:

N
= m itt ml ..  —-

~~ < — )  . (3.5)• 
k=m+l k— a d

18
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Proo f: Assume tha t f > d . From ( 2 . 2 ) ,  it can be seen

tha t :
• i i ÷ f ~ N

u(i ,f) — 
~ ~ 

, / (
~ ) ‘

for i 0,1,. ..,d—l - Thus , from (3.1),

c(i ,f) = i = 0,l ,...,d—l.

Again using ( 2 . 2 ) , the con d i t i o n a l  expected u t i l i t i es  of the last

column are given by:

u ( d ,j )  = (
d+l ) / (

~~~
) , (3.6)

for j — 0,l ,...,f-l . So f rom ( 3 . 1 ) ,  the last  column of c ( i ,j ) ’ s

is given by:

c( d , i )  = l .’j 1 l ,2,...,f—1 .

Using  ( 3 .1)  and ( 3 . 6 ) ,  i t  can be seen that:

b(d ,)) = l/d = 0,1,...,f—l .

Now consider  the  va lues  of c ( i , i )  and b (~~,j )  fo r the

next to last column . Start with the point (d-1 ,f-l) and decrease

the second argument one step at a time . As long as c(d-1 ,j) <

b (d,~~-l) — 1/d Lemm a 3 .1  gives:

f
F c (d-a,)) = :_..

k j

L 

19
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The par t i a l l y computed gr id  of c (i ,j)’s looks like :

1 1 1 1
- . ?  . f ~~~~~~ • ?

1 1 1
f 

. f 
+ 

f—i. . f—i

ç 1 1 1 1
f -2

- .~~
. 1

1 - ‘ k I

0 1 . . .  d-1 d

The las t choice begins to be desirable at q , where q is

the first r’w that:

f
c (d—1 ,q ) = :. = b ( d , q — 1 )  • ( 3 . 7 )

k=q

At ‘he point (d-l ,’i) , di-q- 1 obie cts have been sampled . So the

last cta rtinq time is :iven by d+~1 • The sum in ( 3 . 7 )  can be
N 1rewritten as , since L): definition , f = N—d . By

k=q-s-d

d ef in ing  m = q+d , the d e f i n i t i o n  of t can be written as:

t~ — max~~~l~ :
q ~ > ~

} + ci . (3.8)

F- ~uation (3.8) is equ i valent to (3.5).

20
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Theorem 3.1 is a gene ra l i z a t i on  of resu l t s  given in Gilbert

and Mos te l l e r  ( 1966)  and Lindley  ( 1961)  fo r  d=l  , and the results

found in Glasser (1978) for d=2 . Bound s can be placed on t~
and are given in the next corollary.

Corollary 3 .1 :

(N—d+l) -l/d 
+ d-1 .. t~ < (N-d ) -1/d 

+ d+l . (3.9)

Proof: From (3.5) , for m=t~

N

~~~ ~~~~~~~~~~~~~~~~~~~ 
. (3.lOJ

k=m

1 
- 

1
“‘ 

~~~~~~~k=rn + 1

For any decreas ing i n t egr a b l e  f u n c t i o n  h ( x ) , d e f i ned on the real

numbers , we have :

hi- i

f h (x)dx < 
k=~ 

h(k) <f h (x)dx . (3.12

App lying (3.12) to ( 3 . 1 0~ and (3 . 11)  gives :

1 N-d
< log m-d-1 

( 3.13

> log . (3.14

Rearranging (3.13) and (3.14) completes the proof.

21
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It can be seen from corollary 3.1 that if N increases to

infinity while d remains constant , the following is true :

li m t i/N —

The importance of this section is shown in the next section .

There, a rule will be given to approximate the optima l starting

times. This rul e will allow the player to calculate approximately

optima l startinq times r u ch more rt •cdily than t h e  t r u e  opt ima l

starting times.

22
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4 . TUE LAST CHOICE R!’i~E

Even ur •I-~ 2, c r:: i:t 1 nq he’ qr id in ~-ec t ion 2 s more

d i r e c t  and i s  a ~a o e r  way ~ in~ t h -  o;’t i rna l s t a r t l n ;  times than

the met hod outlined in Ni kol~aev (1t 7 5 ) er G1ass~-r( 197d ) . Computational

if f icu I t ies will st 1 11 a r i se , howt ’•’e: , f o r  t he’ p1 ave r who does not

have access to a ‘:- ~: .1t cr . 1~ w i l l  be seen s h o r t ly  that the

~ ion teve 1 ( 1  ed in Li sec  • io~ is C l o st -  even or m o d e r a t e l y

si:ed N

The o~ ’ inal las ’ st .c : t  m g  ire , t~~ , is ~;1ven in Theorem

3.1. P: co: ‘l ia r - . 1 . 1 , i can ic 5eefl ha° is contained in

an in~ •-rv ~1 o~ len :’ h 2 — 
~~~~ 

‘ ‘ 
, a ‘:als~- ~ ,?ween I and 2. A s

d l)ecories 1 a : - : e ~ , h~ S :~~
- 0 • h 1 S 1 n : v•i I • c v-~es closer to 1

An a: •:~ to x i ion ~ S i Vt ’ n

t , = [(N  
— - :~~1) e

’ • , (4.1)

wher e ’  [xl ,b’n-° .’s - e - : . ‘.i~~~ s t  in :‘:  less ‘han c: i n ~al to X.

The’ V i lt i . ’  ~~ -hf f :s by a nos, one f rom the  v a l u e

-
~~~ • ~~~st o~ hi i- - .’ , es:’i c i a l  lv cs d be’corer l a r g e r ,

in I w i l l  l i  • h. sire . The i l v a n :  i t . ’  t o  ~:sinq td is its

onnu .i ion .il • ‘.c ;. , es: ecii l l v  when N is at all la r e  . The Last

Choice’ Rule can  now he i.-f in e- ’~.

23
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Procedure  ~ (The Last Choice ~ulo) : d st . ar t i n g  t imes  are

chosen in  t he  t ol lowi n~i nintie r : the d t
~

t 
start in~ t i m e  is found

u s in .~ ~4 . 1 ) .  ~v z e d e f i n i n 7  N as t — 1 , and d as d — 1  , the

n e x t — t o — l a s t  s t ar t i na  t ine is  f ound Lv •c ;ain a p p ly i ng  ( 4 . 1 ) ,  o r :

- L! ’l ) e~~~~~~~~~
U 

+ c i _ l ]

Cent i nue  in  h is  .i t ie n i 1 a 11 J s t ar t  1 no t i ni-s have been

computed . The play .-: hen chooses oh i t - et s  on t h e  sane ba s i s  as

ir ’ce hire A .

The ~~t i - .c~~~i it ly  o~ s.: ’cesS ~:sin : th ~ Last Choice ’ R u l e  will

be d e n o t ed  Lv P
R

(C
~~
) . Tn. N a s ’  ~ho:ce h u h  i s  no t  or~t i m.i l , unless

• 
,_ = s 1 , 2 , ...,

T a b l es 1 a ~- h. a r~ i n .t t in. s and hi - probabi 1 i tv

of s ~ccess ~~~ i - ~o h  h. - :  i n al  Rule ’ t n :  ~h.’ la s t  Choice Ru~ e.

V~~1ue~ o~ i i’ ’ 2 I ui I N = - U I )  S~~( l f l )  100 , 1000 .

The con:-ii t ’ ion o ’ ‘h e  ~ t -t- ,t~ t i ~~t .- ~ success when t h e

Las • Che i - . P-~ l 1 5 1 5 . - 1 s s in  1.i • o t h. ne’  ho t I  ve ’n in Section 2.

The’ c~ r. i tlon I - i  i i i ’  i - - c  o he ’ o r 1 i :  n Lv:

1’ ~~~ ; (i  

~~~ ~: :~ 1 
- i  ( i , ~ I ) 

~~~~ i 4 i-i �

u Ii , 1) — (4.2)

i u (t , 1 + 1 ) + (i + l ) u(i , 1 - i~1) i f  i + i + l  < t~~ 1

24 
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The d i !  te:ence between (4.2) and (2 . 2 )  is tha t ’ on the optima l

gr i ~ i y e n  a cho t e ’  , t l ie p layer chooses the point with the larger

expected u t i l i t y .  If the start in : times are assiqned beforehand ,

as in the Last Choice Rule , th .- ; l ~t~~ - i when given a choice , is forced

t o  select an obiect il the start ing number has been reached .

Tables 1 m d  2 show th e ’ accuracy of t h e  app rox ima t ions .  In

t t i e 3 e  t ihh ,-s , t ho worst I’t~! cen t aie . l . - c r . •ase u s i n g  the Last Choice

Rule I : N ‘ Ia is 4 . 2  percent , when cI=5 and N=2l . For d 2 ,

as lono as N i S  ; :  . a t  e’r th an 14 t h e  percen t auc  decrease is well

under 1 p.- :ce’n ’ . The p.-: cent a r t -  decrease is under  1 percent for

h - ~3 ( n o t  shown ) w!. -n N 20 , b r  (U4  (no t shown ) when N > 26 ,

and for d=5 when N -. 
~2 . For N l a r g e r  than  100 , the  decrease

is reduced ~o l.~55  tic:; .5  ti - i- cent in i lm o st  a l l  cases.

Whil e ’ H :.o cent c t i  - 1 - c :  . c : -;e’ in the probabil ~ty of success

u s i n :  th e ’ I.is! Ch’: -o hu1.~ is an m ncreaslno function of d , it

apt-ears Iron he clc u lat ions i -n .- so f a r  t h at  t h i s  e r ror  is s t i l l

-~ very reasonable. F r  the at i t ist i c i m n  who does not have access to

a corp:it i t  , i t  is in - - a s .  ~. c- :  o a; : ox m a t  the optima l starting

t im.-s u siti : eniv a I - t n -  !~~~‘.c 1 c-~ 1 ,~t or or tables of the exponential

func t ion .

For th — i  w i th c - -c- as t a computer , programming algorithm

(2.2) 1 5  no~ d i f f i c u l t , c u d i t  i s  a l i s t  aloorithm to run. This

• would , of cour se , ne-ra te • h~ :i.-e.1 for the Last Choice Rule as an

approximation.
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TABLE 1

STARTING TIMES AND P R O B A B I L I T Y  OF SUCCESS FOR THE
OPTIMA L AND LAST CHOICE RULES , d=2

___  

C)~~t i ma 1 Rule 
— 

Last Choice Rule

N Startinq Times P
A
(C
~~
) P

B
(CS) Starting Times

2 1 ,2 1.000000 1.000000 1,2
3 1 ,3 . ,00000 .500000 1 ,3
4 1,1 .333333 .333333 2,4
5 2,4 .333333 .31 3333 2 , 5
6 2 , 5 . 3 1 3 8 8 9  .3 1 3 8 8 9  2 , 5
7 2 , 5 .2~~5~.35 .295635 2,5
8 2

,~~ , .279960 .279960 2,6
q 3 ,7 .273898 . 2 6 2 7 2 0  2,6

10 3 ,7 .271433 .271433 3,7
11 1 , 8 . 2 6 6 2 9 9  . 2 6 6 2 9 9  3 , 8
12 3 ,8 . 2t~0400 .260400 3,8
13 4 ,9 .257516 .254872 3,9
14 4 ,10 .255854 .248040 3,9
15 4 ,1 0 .254142 .254142 4,10
16 4,1 1 .. I - lSh3 .251513 4,11

5, 11 . 248724 .248336 4,11
18 5, 12 .24R5l~ .248519 5,12
19 5,13 .247338 .247067 5,12
20 5,13 .24~~fl57 .246057 5,13
21 5 , 14 .244357 .244357 5,14
22  . , 14 .24 3~”o) .242261 5,14
2 3  t , 15 . 2 4 3 3 0 9  . 2 4 3 3 0 9  6 , 15
24 ~ ,16 .242 3~~H .242186 6,15
25 . ,16 .2 4137 u .241379 6,16
2.. ~~~~ . 2 4 l h 6 R  . 2 4 0 1 4 4  6 , 17
:7 7 ,17 ~~4O 2 l 3 .238609 6,17
-‘8 ~~~, 18 .239Th~ .239916 7,18
29 -~~, I’~ .2l~~17(. .239002 7,18
30 8,1 .23838~ .238332 7,19
31 8,20 .238299 .237370 7,20
32 8,20 .237901 .236168 7,20
33 8,21 . 237532 .237532 8,21
34 8,22 .23h9~~ .236909 8,22
35 ~,22 .. ~~~~~ .236190 8,22
36 c , 23 . 2 3 6 5 0 9  . 2 3 6 5 0 9  9 , 23
37 ),24 . 2 3 6 1 3 3  .2 3 6 1 1 5  9 , 23
38 9 , 24 . 2 3 5 7 6 6  . 2 3 5 7 6 6  9 , 24
19 10 , 25 . 2 15 4 1 0  . 2 3 5 2 2 8  9 , 25
40 10 , 25 .2 3 5 2 9 2  .2 3 4 6 0 1  9 , 25

26
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TABLE 1
(Continued )

Optima l Rule Last Choice Rule

N S t a r t i n g  Times PA
(CS ) P B

(CS )  S t a r t i ng  Times

41 10 , 26 . 2 3 5 1 1 1  . 23511 1  10 , 26
42  10 , 27 . 2 3 4 7 6 2  .2 3 4 7 3 3  10 , 26
4 3  10 , 27 . 2 3 4 4 0 5  . 2 3 4 4 0 5  10 , 27
44 11 , 28 . 2 3 4 3 4 1  . 2 3 3 9 3 3  10 , 28
4 5  l1 , 2t ~ .2 3 4 1 8 4  .2 3 3 3 7 7  10 , 28
46 ll ,2~ .233991 .233991 11 , 29
4 11 ,30 .213666 .233632 11 , 29
48 12 , 30 . 2 3 3 5 3 9  . 2 3 3 3 2 5  11 , 30
49 12 ,31 .233452 .233452 12 , 31
50 12 ,31 .233271 .233271 12 , 31
60 14 ,37 .23185 3 .231853 14 , 37
70 17 ,44 .230’~43 .230807 16,43
80 l~1 ,50 .230274 .230004 18 ,49
90 2l ,5~ .229714 .229367 20,55

100 - 24 ,~ — 2 .229260 .229241 23 ,62
io o o 230 ,c.o8 .225816 .225739 223 ,607
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TABLE 2
STARTING TIMES AND TUE PROBABILITY OF SUCCESS FOR THE

OPTIMAL AN!) LAST CHOICE RULES , d— 5

____ 

C~~~ ima 1_~~~1e —~~~~ Last Choice Rule

N Starting Times PA
(CS) P

A
(CS) Starting Times

5 1 ,2 , 3 ,4,5 1.000000 1.000000 1,2,3,4,5
6 1 ,2,4,5,6 .427778 .380556 1,3,4,5,6
7 1 ,3 ,4,6,7 .295635 .275397 1,3,5,6,7
8 1 ,3 ,5,t ,8 .238194 .231250 1,3 ,5,7,8

1, 3 , 5 , 7 , 0 .2 0 0 0 0 0  .2 0 0 0 0 0  1 , 3 , 5 , 7 , 9
10 2 , 4 , c~, 8 , l0  .166667 .166667 1 ,3,5,7,9
11 2,4,6,8,10 .166667 - . 1 6 6 6 6 7  2 , 4 , 6 , 8 , 10
12 2,4,6,9, 1 1 .1 61551 .156249 2,5,7,9,11
13 2,4,7,9,12 .156208 .151789 2,5,8,10,12
14 2,5 ,7,10 ,1 3 .151445 .149512 2,5,8,11,13
15 2 , 5 , 8 , 11 , 14 . l 4 7 2 8 f  . 1 4 7 2 8 6  2 , 5 ,8 , 11, 14
1.- 2 ,5,8,11 ,14 .142944 .142944 2,5,8,11,14
17 2 ,5,~~, l 2 ,15 .1 38755 .138676 2,6,9,12 ,15
18 2,6,9,1 3 , l~ .135380 .134829 2,6,10 ,13 ,16

1 ,6,10 ,13 , 17 .132204 .131596 2,6,10 ,14 ,17
1, c, , l O , 14 , 18 . 1 3 1 2 9 7  . 1 2 8 4 4 2  2 , 6 , 10 , 14 , 18

21 1 , 7 , 1 1 , 15 , 1 1  . 12 9 9 6 7  . 1 2 4 5 2 4  2 , 6 , 10 , 14 , 18
1 ,7 ,11 ,15 ,1 4  .129375 .129375 3 ,7,11,15 ,19

23 1 ,7, 11 , 1 .- ,20 .1 28149 .127480 3,8,12 ,16 ,20
24 3 ,~~,12 , : .- ,21 .12* .83l .126242 3,8,13 ,17 ,21
:5 ~,8 , 12 ,17 , 22 .125684 . 12534 (- 3 ,8,13 ,18 ,22

3 ,8,13 ,18 ,2 1  .12444* .124446 3 ,8,13 ,18 ,23
2 5 - 3 ,~~, l r ,I~~, 23 .1.1 3547 .123047 3 ,8,13 ,18,23
28 ~~~~~~~~~~~~ .1 21769 .121769 3,9,14 ,19,24
.

_ )  4 ,~~, 14 , 20 , . 5 . 1 2 1 5 2 8  . 12 0 4 1 0  3 , 9 , 15 , 20 , 25
10 4 , .,I5 ,20 ,2~ - . 1 2 h i 5 ~ .11 ~~159 3 , 9 , 15 , 21 , 26
31 4 , 4 , 15 , 21 ,2 . I .‘0~~’5 . 117884 3,9,15,21,27

. 1 .’0110 .1 1 - 1 O 1  3 ,9,15 ,21,27
3 3  4 , 10 , 1 c— , 22 , 28 . 1 1 1 7 0 0  . 119700  4 ,10,16 ,22 ,28
34 4 , 10 , 17 , 2 3 , 29 . 1 1 9 0 7 2  . 118888  4 , 11, 17 , 23 , 29
35 4,lI,F,23 ,.’O .118428 .118246 4,11,18 ,25 ,30

4 , 11 , 17 , 24 , 3 1 . 1 17 84 1  . 1 1 7 7 2 1  4 , 11, 18 , 24 .31
4, 11, 18 ,25 , 32 .117188 .117188 4,11 ,18,25.32

18 5,11 ,18 ,25 ,1 .1 .116839 .116434 4,11,18 ,25 ,32
5,12 ,19 ,2’- , 31 .116713 .116713 5,12,19,26 ,33

40 5,12 ,19 ,27 , 34 .116508 .116453 5,12 ,20,27 .34
41 5,12 ,20,27 ,35 .11623 3 .116194 5,12 ,20 ,28 ,35
42 5,13 ,20 ,28,36 .115 891 .115886 5,12,20 ,28 ,36
4 3  5 , 11 , 21 , 2 0 , 37 . 1 1 5 5 7 0  . 115384 5 , 12 , 20 , 28 , 36
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TABLE 2 -

(Cont inued)

Opt imal Rule Las t Choice Rule
N Star ti ng Times P

A
(CS) P

B
(CS) Starting Times

44 5,13 ,21 ,29,37 .1152 64 .115264 5,13 ,21 ,29 ,37
45 5 , 13 , 22 , 30 , 38 .114858 . 114797 5 , 14 , 22 , 30 , 38
46 5,14 ,22 ,30,39 .114466 .114379 5,14 ,23 ,31,39
47  6 , 14 , 22 , 31 , 40 . 1 1 4 2 4 1  .114015 5 , 14 , 23 , 32 , 40
48 6,14 ,23 ,32 ,41 .1141 35 .113642 5,14 ,23 ,32 ,41
49 6,14 ,23 ,32 ,41 .11 3944 .113145 5,14 ,23 ,32 ,41
50 6 ,15 ,24 ,33 ,42 . 113844 .113844 6 ,15 ,24 ,33 ,42
60 7,18 ,28,39 ,50 .11 2087 .111178 6,17 ,28 ,39 ,50
70 8,20, 13 ,46,59 .11 0912 .110156 7,20,33 ,46 ,59
80 9 , 23 , 38 , 52 , 67 . 1 10 0 3 1  .110018 9 , 23 , 38 , 53 , 67
90 10 , 26 , 42 , 59 , 75 . 109350  . 109338 10 , 26 , 32 , 59 , 75
100 1l ,29,47 ,c.5 ,83 .108808 .108808 11 ,29 ,47 ,65 ,83

1000 108 ,281 ,460 ,619 ,820 .104736 .104612 102 ,278 ,458 ,639 ,820

29
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